We present a large-N collective field formalism for anyons in external magnetic fields interacting with arbitrary two-body potential. We discuss how the Landau level is reproduced in our framework. We apply it to the soluble model for anyons proposed by Girvin et al., and obtain the dispersion relation of collective modes for arbitrary statistical parameters. †
The large-N collective field theory [1] has been successfully applied to a wide variety of problems, the plasma oscillations, matrix models, and the fractional quantum Hall system [2, 3] . In this paper we attempt to extend its applicability to the system of fractional statistics particles, anyons [4] , in magnetic fields. Since this system is closely related to the quantum Hall system [5] including hierarchical excited states, it may be meaningful to develop its treatment by the collective field method.
We first extend the collective field formalism so as to include gauge fields. We believe that our method is one of the first explicit realizations of the collective field theory including gauge fields. At the end of this paper we shall make some comments on the similar approach taken in the literature [6] .
We shall start by introducing our method. For definiteness we shall work with the following simple N -body Hamiltonian with arbitrary gauge fields A in 2 + 1 dimensions
with the gauge condition ∂A = 0. The mass m and the coupling constant e are set to unities throughout this paper to simplfy our equations. The convensional way of treating this system is to solve the many-body Schrödinger equation
We treat this system by using the large-N collective field formalism. Following by now familiar method we shall rewrite above Hamiltonian into the effective Hamiltonian in terms of collective variables. We introduce a collective variable Q a by defining the point canonical transformation
and its inverse transformation
By the chain rule of differentiation the Hamiltonian (1) is written as
where
This expression (5) itself is not hermitian under the following naïve hermitian conjugation
As is well understood this does not mean any trouble. The Hamiltonian which is hermitian in the functional space of √ Jψ is the effective Hamiltonian
where J is the Jacobian of the transformation (3). We define a new variable C as
in order to bypass the difficulty of evaluating Jacobian. Substituting (10) into the expression (9) and imposing the hermiticity condition
(11) The real and imaginary parts of left hand side in (11) should vanish independently. Then one might worry that C a is overdetermined. But it is not the case. One can show that the solution of the equation
simultaneously solves the equation of vanishing imaginary part in the case of the transformation
We will describe a short proof of this statement in Appendix. We note that this feature should be generically true for any choice of the collective variable besides (13). If it were not for the case we would have to make an ingenious choice of the gauge fields so that the effective Hamiltonian becomes hermitian. We utilize the density variable φ in (13) as an appropriate collective variable to discuss the low energy collective excitation of the system. Since we only need to solve (12) and it is the same equation as that without gauge fields we can just go straight ahead as in Ref. 2 .
Solving (12) for C and putting it into (9) we can obtain a complete effective Hamiltonian up to a total divergence term. The Hamiltonian in terms of the collective variable φ and its conjugate momentum π is finally written as
The conjugate variable π is defined as
in momentum space and satisfies the commutation relation
in the large N limit. In this way we have obtained the effective Hamiltonian with gauge field expressed by the collective variables.
In the following we analyze the collective motion of anyons by means of the collective field formalism just developed. Instead of working with ideal anyon Hamiltonian (1) with Schrödinger's wave function obeying fractional statistics we make a singular gauge transformation to have an interacting boson representation of the ideal anyon gas. The Hamiltonian is given as
where a is the so-called fictitious gauge field written as
where the spatial index i is explicitly indicated. The parameter θ interpolates the two special limits, θ → 0 (boson) and θ → π (fermion). We consider, for later convenience, more generic case of anyons in real (opposed to fictitious) magnetic field interacting with each other by the potential U . The Hamiltonian is given by
where A is the real gauge field yielding the external constant magnetic field B by ∇ × A = B, and U is the two body interaction whose explicit form will be specified later. Following the same procedure as before it is easy to derive the effective Hamiltonian corresponding to that of (18) to the following,
is the corresponding expression of (17) in terms of the density variable. V is the volume of the system. The last term in (19) is due to the constraint dxφ = 1 and λ is the Lagrange multiplier (chemical potential).
The ground state of this system can be given by solving the following equations
(22) Assuming that the ground state has no vortex and that it is invariant under the translation, the solution can be given as
Moreover, we notice that
satisfies these equations (21) and (22) under the solution (23). Here a 0 is the mean field defined by
As a solution of the equation (24) we take
and
The latter equation means that the fictitious megnetic field organizes itself so as to cancell the applied real magnetic field. If the magnetic fields would not cancell with each other, we would have to have a singularity in π variable. This is easily seen by (24) which states that ∇ × (∇π 0 ) = 0 unless ∇ × (a 0 + A) = 0. The singularity of π variable implies a real vortex. Therefore, our solution to (24) means the absense of extra real vortices.
The validity of taking the above solution to (24) can be explicitly checked. The second equation (27) implies that the ground state value φ 0 is determined by the external magnetic field B. That is, the ground state density ρ g is given as
For fermions (θ = π) this gives ρ g = B/2π, the well-known result for the degeneracy of the lowest Landau level. Therefore, our solution (27) allows a very simple interpretation of completely filled lowest Landau level in this case. It is amusing to observe that the density (28) interporates between the Landau level degeneracy for the fermion case (θ = π) and the Bose condensate for the bosonic case (θ → 0).
Before moving to the analysis of collective excitations let us make a short comment on ideal anyon gas without external magnetic field. In the absence of A in (24) we have to deal with the singular configuration of the π field, the Chern-Simons vortex. In this case the φ field must vanish at the location of vortices and we are not allowed to have a constant solution (23). Therefore the treatment of the ideal anyon gas is far from straightforward in the large-N collective field theory. We hope to return to it in the future.
We analyze collective excitations as small oscillations around the ground state given by (26) and (27). We expand the φ and the π variables around their ground state values,
The prefactors of the fluctuation 1/ √ N and √ N are determined in consistent with the large-N expansion and the canonical commutation relation. As a mode decomposition we expand η and ξ by using the plane wave, i.e.
Inserting equations (23), (26), and (30) into the Hamiltonian (19) and picking up the O(N 0 ) terms, we obtain the simple harmonic oscillator type Hamiltonian
and U k is the Fourier components of U (x − y). This is the central result of our paper. Let us make a few remarks:
(i) The first term, which dominates in short wavelength limit, k ≫ 1, is the familiar kinetic term of non-relativistic particles. In this limit the information of the fractional statistics is lost as one can expect. (ii) The second term, which is of orderh 0 , dominates in the classical region (or in the long wavelength limit). This is the gap that can be interpreted as the Landau level interval. To see this we note that ρ is given by (28) for the ground state. Then ω = B which is nothing but the cyclotron frequency under our choice of the units m = 1 and e/c = 1. It is also natural that the cyclotron frequency is independent of the θ parameter. Thus our formalism passes the test [7] using Kohn's theorem [8] .
Let us discuss a soluble model of fractional statistics [9, 10] as a special example of our generic Hamiltonian (18). In this model the potential U is given by
In this case the Fourier component is given as U k = 2θ and the energy level given by (32) simplifies:
This result at θ = π/2 (semion case) is in agreement with the one derived by Girvin et al. [9] using the plasma analogy. Our result generalizes it to arbitrary θ cases. Next we shall consider the Coulomb interaction
where ǫ is the background dielectric constant. The Fourier component U k is given by
In this case the frequency (32) becomes, in long wavelength limit (k ≪ 1), as
This agrees with the result of RPA calculation by Kallin and Halperin [11] at θ = π (fermion), and reproduces that of Zhang [7] for general θ cases derived by using the density-density correlation function. A closely related but different collective field formalism of anyon system has been proposed by Andrić and Bardek [6] . While they employ the same technology as ours two formalisms differ because the starting Hamiltonians differ. Their Hamiltonian is supposed to act to the symmetric wave function constructed by removing an antisymmetrized factor. As a consequence it is non-hermitian. If we repeat the similar fluctuation analysis using their collective field Hamiltonian, eq. (16) in Ref. 6 , we obtain as ω
Therefore, two formalisms differ also in physical results.
To summarize: We have constructed a large-N collective field theory for anyons in external magnetic fields interacting with an arbitrary two-body potential. We illuminated how the Landau level is reproduced in our framework and clarified the basic picture behind this, namely, the cancellation between the real and the fictitious magnetic fields. We applied our collective field formalism to uncover the low energy collective excitations around the ground state. In particular we obtained the dispersion relation for the collective mode in the soluble model of anyons for generic value of the statistical parameter θ. In this Appendix we show that the left hand side of (11) 
We note that under the choice (13), namely Q a = φ k ,
Using (A3) one can show that the second term of (A1) is propotional to k k and vanishes due to the symmetry k ↔ −k. Whereas the first term of (A1) can be written, thanks to (A3) and (A4), as 
